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Abstract 
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1 Introduction 



The unbounded nature of the operators describing observables of a quantum mechanical sys- 
tem with a finite or an infinite number of degrees of freedom is mathematicahy a fact which 
follows directly from the non commutative nature of the quantum world in the sense that, as 
a consequence of the Wiener- von Neumann theorem, the commutation relation [q,p] = ill for 
the position q and the momentum p is not compatible with the boundedness of both q and p. 
Thus any operator representation of this commutation relation necessarily involves unbounded 
operators. Also the bosonic creation and annihilation operators and a, [a, a^] = 1, or the 
hamiltonian of the simple harmonic oscillator, H = ^(j5^ + g^) = a^"a + ^1, just to mention few 
examples, are all unbounded operators. 

However, when an experiment is carried out, what is measured is an eigenvalue of an ob- 
servable, which is surely a finite real number: for instance, if the physical system S on which 
measurements are performed is in a laboratory, then if we measure the position of a particle of 
S we must get a finite number as a result. Also, if we measure the energy of a quantum particle 
in a, say, harmonic potential, we can only get a finite measure since the probability that the 
particle has infinite energy is zero. Moreover, in a true relativistic world, since the velocity of a 
particle cannot exceed the velocity of light c, any measurement of its momentum can only give, 
again, a finite result. ^From the mathematical point of view this may correspond to restrict- 
ing the operator to some spectral subspaces where the unboundedness is in fact removed. This 
procedure supports the practical point of view where it seems enough to deal, from the very 
beginning, with bounded operators only. 

It is then reasonable to look for a compromise within these opposite approaches and the 
compromise could be the following: given a system S we consider a slightly modified version of 
it in which all the operators related to S are replaced by their regularized version (e.g. their 
finite-volume version, natural choice if S lives in a laboratory!), obtained by means of some given 
cutoff, we compute all those quantities which are relevant for our purposes and then, in order 
to check whether this procedure has modified the original physical nature of S, we try to see 
whether these results are stable under the removal of the cutoff. As an example, if S is contained 
inside a box of volume V, we do expect that all the results become independent of the volume 
cutoff as soon as the value of this cutoff, W, becomes larger than V, since what happens outside 
the box has almost no role in the behavior of S. 

As it is extensively discussed in [1], the full description of a physical system S implies the 
knowledge of three basic ingredients: the set of the observables, the set of the states and, finally, 
the dynamics that describes the time evolution of the system by means of the time dependence of 
the expectation value of a given observable on a given state. Originally the set of the observables 
was considered to be a C*-algebra, [2]. In many applications, however, this was shown not to be 
the most convenient choice and the C*-algebra was replaced by a von Neumann algebra, because 
the role of the representations turns out to be crucial mainly when long range interactions are 
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involved, see [3] and references therein. Here we use a different algebraic structure, similar to the 
one considered in [1], which is suggested by the considerations above: because of the relevance 
of the unbounded operators in the description of 5, we will assume is Sections 2 and 3 that the 
observables of the system belong to a quasi *-algebra (^,^0)) see [5] and references therein, 
while, in order to have a richer mathematical structure, in Section 4 we will use a slightly 
different algebraic structure: {A, Aq) will be assumed to be a proper CQ*-algebra, which has 
nicer topological properties. In particular, for instance, ^0 is a C*-algebra. The set of states over 
(^, ^0)) 5], is described again in 0, while the dynamics is usually a group (or a semigroup) of 
automorphisms of the algebra, a*. Therefore, following [1], we simply put S = {{A, Ao),T,,a^}. 

The system S is now regularized: we introduce some cutoff L, (e.g. a volume or an occupation 
number cutoff), belonging to a certain set A, so that S is replaced by a sequence or, more 
generally, a net of systems Sl, one for each value of L S A. This cutoff is chosen in such a way 
that all the observables of Sl belong to a certain *-algebra Al contained in Al C Aq C A. 
As for the states, we choose = S, that is, the set of states over Al is taken to coincide 
with the set of states over A. This is a common choice, [3], even if also different possibilities 
are considered in literature. For instance, in [6], also the states depend on L. Finally, since the 
dynamics is related to a hamiltonian operator H (or to the Lindblad generator of a semigroup), 
and since H has to be replaced with Hl, because of the cutoff, a* is replaced by the family 
a*^(.) = e'^L^ ■ e-'^^K Therefore 

S = {{A, Ao), S, a*} {Sl = {Al, S, al}, L G A}. 
2 The mathematical framework 

Let ^ be a linear space and ^0 a *-algebra contained in ^ as a subspace. We say that A is 
a quasi *-algebra over ^0 if (i) the right and left multiplications of an element of A and an 
element of ^0 are always defined and linear; (ii) xi{x2a) = {xiX2)a, {axi)x2 = 0(^1X2) and 
a;i(ax2) = {xia)x2, for each xi,X2 € ^0 and a £ A and (iii) an involution * (which extends the 
involution of ^0) is defined in A with the property {ab)* = b*a* whenever the multiplication is 
defined. 

In this paper we will always assume that the quasi * -algebra under consideration has a unit, 
i.e. an element U € ^0 such that oE = la = a, Va € .4.. 

A quasi * -algebra {A, Aq) is said to be a locally convex quasi *-algebra if in ^ a locally 
convex topology r is defined such that (a) the involution is continuous and the multiplications 
are separately continuous; and (b) Aq is dense in A[t]. We indicate with {pa} a directed set of 
seminorms which defines r. Throughout this paper, we will always suppose, without loss of 
generality, that a locally convex quasi *-algebra (^[r],^o) is complete. 

In the following we also need the concept of * -representation. 
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Let V he a dense subspace in some Hilbert space n. We denote with C^(V, H) the set of all 
closable operators X vciTi such that D{X) = T) and D{X*) D T) which is a partial *-algebra, 
[7], with the usual operations X + Y, XX, the involution X^ = X*\T) and the weak product 
XuY = X^*Y whenever YV C D{X^*) and X^V C D{Y*). We also denote with C^{V) the 
*-algebra consisting of the elements A G C^(T>,T-L) such that both A and its adjoint A* map 
V into itself (in this case, the weak multiplication reduces to the ordinary multiplication of 
operators). 

Let {A,Ao) be a quasi *-algebra, a dense domain in a certain Hilbert space Htt, and vr a 
linear map from A into "^tt) such that: 

(i) 7r(a*) = ^(a)t, Vo G ^; 

(ii) if a G X € Aq, then 7r(a)D7r(x) is well defined and 7r(ax) = 7r(a)D7r(x). 
We say that such a map vr is a * -representation of A. Moreover, if 

(iii) tt{Aq) C C\V^), 

then vr is said to be a *-representation of the quasi *-algebra (^, ^o)- 

The *-representation vr is called ultra- cyclic if there exists G T^n such that vr(^o)Co = ^tt- 
Let TT be a *-representation of A. The strong topology Tg on vr(^) is the locally convex 

topology defined by the following family of seminorms: {p^{-); S, G ^^tt}, where p^(vr(a)) = 

||vr(a)^||, where a G ^, ^ G Vt^. 

For an overview on partial *-algebras and related topics we refer to [7]. 

Definition 2.1 Let (A,Ao) be a quasi *-algebra. A *-derivation of is a map 5 : Aq — A 

with the following properties: 

(i) 6{x*) = 5{x)\ \fx G Aq; 

(ii) 5{ax + I3y) = a5{x) + (36{y), Vx, y G Va, (3 G C; 

(iii) 6{xy) = x6{y) + S{x)y, Vx, y e Aq- 

Let {A, Aq) be a quasi *-algebra and 5 be a *-derivation of ^o- Let vr be a *-representation of 
(A,Ao). We will always assume that whenever x G v4o is such that vr(x) = 0, then vr((5(x)) = 0. 
Under this assumption, the linear map 

<5^(vr(x)) = vr(5(x)), x G Aq, (1) 

is well-defined on vr(^o) with values in vr(^) and it is a *-derivation of vr(^o)- We call 6-,^ the 
*-derivation induced by vr. 

Given such a representation vr and its dense domain Vj^, we consider the usual graph topology 
t-j- generated by the seminorms 

^GP.^Peil, AeC\V^). (2) 
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If denotes the conjugate dual space of Ptt, we get the usual rigged Hilbert space I^Tritf] C 
Htt C where t'^ denotes the strong dual topology of V'^. Let C{'Dt^,'D'^) denote the space 

of all continuous linear maps from X'7r[tf] into Then one has 

Each operator A G £^{1)^^) can be extended to an operator A on the whole in the following 
way: 

<i^',r/> = <e',^^??>, V^'GP;, r,eV^. (3) 
Therefore the left and right multiplication of X E £{'DTr,'D'^) and A G C^{'D.,^) can always be 
defined: 

{X o A)C = X{A^), and {A o X)^ = A{XC), G V^. 

With these definitions it is known that {C{I)Tr,'D'^) , (1)^^)) is a quasi *-algebra. 

Let 6 he a *-derivation of and a *-representation of ^o)- Then tt{Ao) C C^{Vt^). 
We say that the *-derivation Sj^ induced by vr is spatial if there exists H = G C{T>t^, V>'^) such 
that 

5^{^{x))=i{Ho^{x)-^)oH}, VxgA- (4) 

where tt{x) denotes the extension of 7r(x) defined as in ([3]) (from now on, whenever no confusion 
may arise, we use the same notation for 7r(x) and for its extension). 

Let now {A, ^o) be a locally convex quasi *-algebra with topology r. Necessary and sufficient 
conditions for the existence of a (r — rs)-continuous, ultra-cyclic *-representation vr of A, with 
ultra-cyclic vector ^q, such that the *-derivation 5-,^ induced by vr is spatial have been given 
in [HI Theorem 4.1]. We now suppose that these conditions occur, so that there exists a ultra- 
cyclic (r — rjj)-continuous *-representation vr of ^ in Hilbert space Ti-,^, with ultra-cyclic vector ^o- 
Purhermore, we assume that a family of *-derivations (in the sense of Definition 1 2 . 1 p {5n : n G N} 
of the *-algebra with identity Aq is given. As done in [8], we consider the related family of *- 
derivations ^l"^ induced by vr defined on ■k{Aq) and with values in ^{A): 

4")(7r(x)) =7r(5„(x)), xeAo. (5) 

Suppose that each 5')f^ is spatial and let Hn G C{'Dt^,'D'^) be the corresponding implementing 
operator. Assume, in addition, that 

sup ||if„^o|| =■ L < oo. 

n 

Then, as shown in [HJ Proposition 4.3], if {5n{x)} r-converges to 5{x), for every x G Aq, it 
turns out that (5 is a *-derivation of and the *-derivation 6-,^ induced by vr is well-defined and 
spatial. The relation between and the operator H implementing 5^ has also been discussed. 

The above statements reveal to be crucial for the discussion of the existence of the dynamics 
of systems where a cut-off has been introduced, as we shall see later. Examples for which these 
conditions are satisfied have been discussed in [^(Examples 4.4 and 4.5). 
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3 Applications to regularized systems 



As we have discussed in the Introduction, given a physical system S, the first step in deahng with 
it consists in replacing S with a whole family of regularized systems {Sl = {Al, L € A}, 

obtained by introducing some cutoff which is related to S itself. We suppose that the dynamics 
is generated by a *-derivation 6l- The procedure of the previous section suggests to introduce 
the following 

Definition 3.1 A family {Sl,L e A} is said to be c-representable if there exists a *-representation 
IT 0/(^,^0) such that: 

(i) TT is {t — Ts)- continuous; 

(a) TT is ultra-cyclic with ultra-cyclic vector ^q; 

(Hi) if TT is such that -k{x) = 0, then tt{5l{x)) = 0, VL G A. 

Any such representation vr is said to be a c-representation. 

Proposition 3.2 Let {Sl,L € A} 6e a c-representable family and vr a c-representation. Let 
Hl = h*^ £ Al be the element which implements 6l: Sl{x) = i[hL,x], for all x € ^o- Suppose 
that the following conditions are satisfied: 

(1) 5l{x) is T-Cauchy for all x £ Aq; 

(2) supi lk(/iL)^o|| < oo- 
Then, one has 

(a) 5{x) = T — liuiL Sl{x) exists in A and is a *-derivation of Aq; 

(b) 5-,^, the *-derivation induced by vr, is well defined and spatial. 

Proof — The proof of the first statement is trivial. 

Let us define S^j^\tt{x)) = 7r((5i,(x)), x G Aq, and H^j^^ = 7r(/ii). Then we have 6^j^\tt{x)) = 
i[h^j^\7r{x)], which means that S^j^\tt{x)) is spatial and it is implemented by In order to 

apply Proposition 4.3 of [8] we have to check that satisfies the following requirements: (a) 
jjM ^ ^Wt. g (e) H^^ko G W.; (d) 4")(vr(x)) = z{H^^^ o vr(x) - 7r{x) o 

hP}- (e) supi||7r(/7L)Co|| <oo. 

Condition (a) follows from the self-adjointness of hi and from the fact that vr is a *- 
representation. Condition (b) holds in an even stronger form. In fact, since hi belongs to Al C 
Ao,thenH'^^ G C^{V^) C For this reason we also have that H^^^q G C Ti-jr while 

condition (d) is satisfied without even the need of using the "o" multiplication. Finally, condition 
(e) coincides with assumption (2). Proposition 4.3 of [8] implies therefore the statement and, in 
particular, it says that the implementing operator of 6^'^\ H^'^\ satisfies the following properties: 
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= FW"^; G C{V^,V'^); i^W^O G and 5W(7r(x)) = o 7r(2;) -71(2;) o ijW}, 

Vx G A. 

□ 

Remarks:— (1) It is clear that if the sequence {hi} is r-convergent, then assumption (2) of 
the above Proposition is automatically satisfied, at least if L is a discrete index. 

(2) It is interesting to observe also that the outcome of this Proposition is that any physical 
system S whose related family {Sl,L G A} is c-representable admits an effective hamiltonian 
in the sense of jlU| . 

Now we show how to use the previous results, together with some statement contained in [lUj . 
to define the time evolution of S. We will use here quite a special strategy, which is suggested by 
our previous result on the existence of an effective hamiltonian. Many other possibilities could 
be considered as well, and we will discuss some of them in Section 4. 

First of all we will assume that the /i^'s introduced in the previous section can be written in 
terms of some (intensive) elements s^, a = 1,2, ..,N, which are assumed to be hermitian (this 
is not a big constraint, of course), and r-converging to some elements s"^ G ^ commuting with 
all elements of Aq: 

s" = T- lim 8% [s", x] = 0, Vx G A- 

It is worth remarking here that this is what happens, for instance, in all mean field spin models, 
where the elements are nothing but the mean magnetization Sy = Yli^v "^f > [2]- 

In order to ensure that all the powers of these elements converge, which is what happens 
in many concrete applications, [3], [10] and references therein, we introduce here the following 
definition, which is suggested by [8]: 

Definition 3.3 We say that {s^} ^ uniformly T-continuous sequence if, for each continuous 
seminorm p of t and for alia = 1,2,..., N, there exist another continuous seminorm q of t and 
a positive constant Cp^g^a such that 

p{sla) < Cp,g,„g(a), Va G ^, VL G A. (6) 



Because of the properties of r it is easily checked that ([6]) also implies that p{as'f) < Cp^q^aQ^o), 
Va G A, and that the same inequalities can be extended to s". 
It is now straightforward to prove the following 

Lemma 3.4 // {s^} ^ uniformly T-continuous sequence and if t — lim^ = s" for a = 
1, 2, .., N, then r - liniL {sff = {s'^f for a = 1,2, .., N and k = 1, 2, .... 
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This lemma has the fohowing consequence: if we define the multiple commutators [2;,y]fc as 
usual {[x,y\i = [x,y\, [x,y\k = [x, then one has 

Proposition 3.5 Suppose that 

(1) Vx S ^0 [^L,^;] depends on L only through s^; 

(2) si — ^ and {si} is a uniformly r-continuous sequence. 
Then, for each A; G N, the following limit exists 

T — limi'^[/ii, = r — lim(5^(x), Vx G Aq, 

and defines an element of A which we call S^^\x). 

Remarks:— (1) The proof is an easy extension of that given in [10] and will be omitted. 

(2) Of course, we could replace condition (2) above directly with the requirement that the 
following limits exist: r — lim^ (s^)'^ = (s")*^ for a = 1, 2, .., and k = 1,2, .... 

(3) It is worth noticing that we have used the notation S^''^ (x) instead of the more natural 
since this last quantity could not be well defined because of domain problems, since we are 

not working with algebras, in general. In other words, we cannot claim that vr (r — lim^ d'Kx)^ = 
since the rhs could be not well-defined. 

In order to go on, it is convenient to introduce the following definition, [lOj : 

Definition 3.6 We say that x G is a generalized analytic element of 6 if, for all t, the series 
X^fcLo ^■^ Tg- convergent. The set of all generalized elements is denoted with Q. 

We can now prove the following 

Proposition 3.7 Let x.^ he a net of elements of Aq and suppose that, whenever ^{x-^) — ^ 7r(x) 
then x^ X. Then, \/x G G and Vt G M, the series X^fc^o ^^^''\^) converges in the T-topology 
to an element of A which we call a*(x). 

Moreover, a* can be extended to the T-closure Q of Q. 

Proof — Because of the assumption, given a seminorm p of r, there exist a positive constant c' 
and some vectors {rjj, j = 1, ..,n} in "D^ such that p{x) < d ^YTj=\ Pfij (■^(^))) fo^' x £ A. Then 
we have, if x G ^, L, Af G N with M > L: 

\k=L ' / j=l \k=L ' / 

because x G ^. Therefore we can put q*(x) = t — X^^Lo IT'^'^'^H^;)- 

The extension of a* to Q is simply a consequence of its r-continuity. 

□ 
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Remark:— It is worth remarking that the assumptions of this Proposition are rather strong. 
In particular, for instance, the fact that for all x € the following estimate holds, p{x) < 
cZ^"=iPf?j(^(a^))) implies that the representation vr is faithful and that tt~^ is continuous. More- 
over, the non triviality of the set G must be proven case by case. It is also in view of these facts 
that in the next section we further specify our algebraic set-up in order to avoid the use of these 
strong assumptions in the analysis of the existence of a*. 

We will now discuss an approach, different from the one considered so far, to what we 
have called the exponentiation problem, i.e. the possibility of deducing the existence of the 
time evolution for certain elements of the *-algebra (actually a C*-algebra in many appli- 
cations) starting from some given *-derivation. In what follows vr is assumed to be a faithful 
*-representation of the quasi *-algebra (^,^0) and ^ a *-derivation on Ao- As always we will 
assume that the *-derivation induced by vr, St^, is well-defined on 'tt{Ao) with values in 7r{A). 

We define the following subset of ^0 

Ao{6) := {x £ Ao : S''{x)eAo, VA; g No}. (7) 

It is clear that ^o(<^) depends on 6: the more regular S is, the larger the set Ao{5) turns out 
to be. For example, if 6 is inner in ^0 and the implementing element h belongs to Aq, then 
Ao{6) = Aq. For general 6, we can surely say that Ao{6) is not empty since it contains, at least, 
all the multiples of the identity U of ^o- 

It is straightforward to check that Ao{6) is a *-algebra which is mapped into itself by 5. 
Moreover we also find that 7r((^^(x)) = 6'^{7r{x)), for all x € ^o('^) and for all k G No- This also 
implies that, for all k € No, and for all x € Ao{6), S!^{n{x)) G 7r(^o)- This suggests to introduce 
the following subset of 7r(^o), ■Aoi^Y ■= {"^(x) € Tr{Ao) : (5^(7r(x)) G Tr{Ao), \/k £ No}, and it is 
clear that x £ Aq 7r{x) G ^{Ao)- 

Let us now introduce on A the topology 0"^ defined via in the following way: 

A3a^q^{a)=p^{TT{a)) = Ma)^l ^ G P.. (8) 

It is worth noticing that as does not make of {A, ^0) a locally convex quasi *-algebra, since the 
multiplication is not separately continuous. We can now state the following 

Theorem 3.8 Let {A, Ao) be a quasi *-algebra with identity, 6 a *-derivation on Aq and vr a 
faithful * -representation of (^,^0) such that the induced derivation 5-,^ is well defined. Then, 
the following statements hold: 
(1) Suppose that 

yrj eV^^Bcr, > : ^»^((5^(7r(x))) < c,,p^(7r(j;)), Vx G Ao{6), (9) 

then XlfcLo lel^'^i-"^) converges for all t in the topology to an element of Ao{6) which we call 
a*(x); a* can be extended to ^o(<^) ' ■ 
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(2) Suppose that, instead of the following inequality holds 



3c> : V??! e > 0, n € N and m ^ '^tt ■ 

Pr^MiT^i^))) < A^,c''k\ky^,{'K{x)), Vx G Aoid), yk G No, (10) 



then X^fcLo converges, fort < ^ in the topology as to an element of Ao{6) " which 

call a^{x); a* can be extended to Ao{S) °. 



we 



Proof — (1) Iterating equation Q we find that p^(5^(7r(x))) < c^'p,,(7r(x)), for all natural k. It 
is easy to prove now the following inequality, for x € ^o('^) and t > 0: 

k=0 ' k=0 ' k=0 

This proves the existence of a^{x) = cTg — liniAr^oo Yl!k=o l^.^^i^) ^- '^^^ extension of a* to 

„4o(5)'^' by continuity is straightforward. 

(2) The proof is based on analogous estimates. 

□ 



Remarks:— (1) The first remark is related to the different conditions Q and pU|) . The 
second condition is much lighter, but the price we have to pay is that a* can be defined only on 
a finite interval. 

(2) Condition ^ could be changed by requiring that the seminorms on the left and the right 
side of the inequality are not necessarily the same. In this case, however, we also have to require 
that the constant is independent of rj and that sup^^g-p^ p<^(7r(x)) < oo. 



Corollary 3.9 Under the general assumptions of Theorem \3.8\ we have: 

(1) If condition ^ is satisfied then a* maps Ao{6) " into Ao{6) " and 

a*+^{x) = a\a^ix)), Vt, r, Vx G Ao{6); (11) 

(2) If condition I70|) is satisfied then a* maps ^o(^) into Ao{d) " for t < ^ and 

a*+^(x) = a*(a'^(x)), Vt, r, with t + r < -, Vx G Ao{S). (12) 

c 

Proof — 

(1) The proof of the first statement is a trivial consequence of the definition of a* as given 
in Theorem ESI for all y G Ao{5f" then a\y) G Ao{6f\ 

In order to prove equation (jlip . we begin by fixing x G Ao{S). We have, for all r] G T).^, 

g^(Q*+^(x) - Q*(a^(x))) < q^{a'+^{x) - a*+Mx)) + <7^(a*+^(x) - a%{a^^{x))) + 
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+ q^{a%{a}^{x))-a\a^{x))), (13) 

where a^(x) = '^^=o^S''{x). First we observe that, because of Theorem 13.81 g^(Q;*"'"'^(x) — 
a^^(rE)) for all t,T and t] G Vj^. The proof of the convergence to zero of the third 
contribution, g^(a^(a]y(a;)) — a^{a'^{x))) — > 0, follows from the fact that Vr/ E and Ve > 
there exists N{€,r]) > such that, VA^ > N{e,r]), 

qrj{a%{alf{x)) - a*(a^(x))) < qr,{ia% - a*)(a]v(a;))) + qn{a\a'^^{x) - a'^{x))) < 



oo 



< E ^^ie + q,{a\x))) + q,{x)e''^^ E ^ - 0' 
fc=Ar+l ■ k=N+l 



as N ^ oo, for all t, t (which we are assuming to be positive here) and x G ^o('^)- 
The conclusion follows from the fact that we also have 

q^{a'^^{x) - a*v(a]v(x))) ^ 0, (14) 

for all t, r and x G Aq{5). This can be proved by a direct estimate on the difference a^'^(x) — 
q^(q]v(x)) which can be written as Z]n=o S/+fc=n ^'fc ~ YA=oYlk=o^ik^ where we have intro- 
duced Aik = ^-iyj^5^^^{x) for shortness. Equation (fH|) can now be proved using the same estimate 
as for the third contribution. 



The extension to Ao{5) is now straightforward. 

(2) The proof is only a minor modification of the one above. 

□ 



Remark:— In general, for fixed t, a* is not an automorphism of Aq{5) " ■ This is essentially 
due to the fact that the multiplication is not continuous with respect to the topology (Tg- 



4 The case of proper CQ*-algebras 

As discussed in the Introduction, a standard assumption in the algebraic approach to quantum 
systems is that the *-algebra „4o of local observables is a C*-algebra. For this reason, in this 
Section, we will specialize our discussion to a particular class of quasi*-algebras, named proper 
CQ*-algebras, that arise when completing a C*-algebra with respect to a weaker norm. More 
precisely, a proper CQ*-algebra {A, Aq) is constructed in the following way: assume that .4o[|| ||o] 
is a C*-algebra and let || || be another norm on Aq satisfying the following two conditions: 

(i) ||x*|| = ||x||, , Vx G ^0 

(ii) \\xy\\ < ||x||o||y||, Vx,y G A- 
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Let A be the || || -completion of ^o- The quasi *-algebra (^,^0) is then a proper CQ*-algebra. 
For details we refer to [7]. We remark here that the construction outlined above does not yield 
the most general type of proper CQ*-algebra, but it produces the right object needed in our 
discussion. 

The advantage of considering proper CQ*-algebras relies on the fact that this makes easier 
to use some known results which hold for bounded operators. This is convenient mainly because, 
as we have seen in the previous section, the fact that the implementing operator H^'^^ belongs to 
C{VTr,'D'^) makes it impossible, in general, to consider powers of i/W. For this reason we have 
proposed in Section 3 a different strategy, which may appear rather peculiar. In this section 
we show that some standard result can be used easily if we add an extra assumption to the 
sesquilinear forms which produce (and are produced by) the *-representations of CQ*-algebras 
we are going to work with. 

For proper CQ*-algebras Theorem 4.1 of [8] gives 

Theorem 4.1 Let (^,^0) be a proper CQ*-algebra with unit and 5 be a *-derivation on Aq. 
Then the following statements are equivalent: 

(i) There exists a positive sesquilinear form ip on A^ A such that: 

if is invariant, i.e. 

ip{ax,y) = ip{x,a*y), for all a £ A and x,y £ Aq; (15) 
(/? is II .\\-continuous, i.e. 

\(p{a,b)\ < \\a\\\\b\\, for all a,b e A, (16) 
ip satisfies the following inequalities: 

|y.(5(x),ii)| <C(v/;^(^+ vV(^%^), VxeA, (17) 

for some positive constant C, and \/a G A there exists some positive constant 7^ such that 

\(p{ax,ax)\ < ■yl(p{x,x), Vx G ^o- (18) 

(a) There exists a (|| || — Ts)- continuous, ultra-cyclic and bounded *-representation vr of A, 
with ultra-cyclic vector ^q, such that the *-derivation (5^ induced by vr is s-spatial, i.e. there 
exists a symmetric operator H on the Hilbert space of the representation TItt such that 

D{H) = 7r(A)Co .^g. 
6^{tt{x))^i = i[H,T:{x)]^!, Vx e Ao,y^ e D{H). 
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The proof of this theorem is not significantly different from that given in [8] and will be 
omitted here. It is worth remarking that condition (llSp implies that the representation TTip, 
constructed starting from ip as in [8], is bounded, i.e. 7r<^(a) € BiTi^) for all elements a ^ A. 
However, since A is not an algebra, ab is not defined for general a, 6 € ^, while 'K^p{a)TT^{b) turns 
out to be a bounded operator. Therefore it has no meaning asking whether ■K^{ab) = TT^{a)Tr^(b), 
since the Ihs is not well defined, unless a and/or b belongs to ^o- In fact in this case we can 
check that 

7r^{ax) = iT^{a)7r^{x), Va G ^, Vx G Aq (20) 

We also want to remark that the proof of the implication (i) =^ (ii) is mainly based on condition 
(jlSp which makes it possible to use the well known result stated, for instance, in [11], Proposition 
3.2.28. Another remark which may be of some help in concrete applications is the following: 
suppose that our sesquilinear form satisfies the following modified version of (jlSp : \ip{yx,yx)\ < 
'y'^Lp{x,x), Vx,y G with 7 independent of y. In this case, due to the norm-continuity of 
condition ([18]) easily follows. 

It is very easy to construct examples of positive sesquilinear forms on ^ x ^ satisfying (jlSp . 
([T6]) and ([T7)) above; in fact, the results in [12] suggest to define, on the abelian proper CQ*- 
algebra {L^{X, n),C{X)) where X a compact interval of the real line, /i the Lebesgue measure 
and p > 2, a sesquilinear form as, e.g., f{f,g) ■= J-^ f{x)g{x)^{x)dfi, where we take here 
^(x) = Ne'^'', and 7V,7 > are such that ||^'|| jl_ < 1 (we put ^ = 00 if p = 2). More difficult 
is to find examples of sesquilinear forms satisfying also condition (jl8p . We refer to [13] for a 
general analysis on this (and the other) requirements, while we construct here an example in 
the context of Hilbert algebras, which are relevant, e.g., in the Tomita-Takesaki theory. 

Let A be an achieved Hilbert algebra with identity and 7^_4 the Hilbert space obtained by 
the completion of A, \14:\ I15| . For any a G ^ we put L°b = ab, R°b = ba, b A. Then L° and 
R° can be extended to bounded linear operators La and Ra on TC^x, respectively. The sets L_4 
and Rj[ are von Neumann algebras on TCji,, and JLaJ = Ra* for all a G ^, so that JLj^J = R^x- 
Here J is the isometric involution on Tt^ which extends the involution * of A. Furthermore, for 
any x G 7Y^, we define two operators on A as L^a = RaX and Rxa = LaX, for a G .4 (we use 
the same symbol L and R since no confusion can arise). It is known, [16], that Lx and Rx are 
closable operators and L* = Ljx, LR* = Rjx, for all x G 7{_a. 

It is also known that the Hilbert space 7Y_4 over the C*-algebra A with the norm ||x||[, = 
(II II is the operator norm) and with the involution J = * is a proper CQ*-algebra, [IT]. Here 
we consider a family {Ax}x^a of Hilbert algebras. The direct sum ©j^^a^-^a °f Hilbert 
spaces Ti-jx^ is a proper CQ*-algebra under the usual operations. Now we assume that one Ax^ 
is a H*-algebra, that is Ax^ = ^^aq • Then we consider a *-derivation 6 of 0;)^gyv satisfying 
5Px = PxS for all A G A, that is, 6 : ^-4ai ^ ^1 where Pa is the projection of ©AeA ^-4a 
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onto TCyX^ . If we finally define 

AeA 

then (fp^ satisfies all conditions required in Theorem 14.11 

Once the symmetric operator H has been defined by means of this Theorem, it is clear that 
if H is also self-adjoint, then e*''^* exists as a unitary operator in BiTi-,^) and H is the generator 
of a one-parameter group of unitary operators on 7^^. 

Let us now assume that the representation of the proper CQ*-algebra, vr, satisfies all the 
requirement of (ii). Theorem 14.1^ so to have an implementing , operator for 5t^. Then we 
define the following set: 

i3o" := {7r(x) G 7r(A) : [H, 7r(x)]fc G A, VA; G No}, (21) 

which surely contains all the elements A7r(lL), A G C. Also, if H belongs to 7r(^o)i then Bq^ = 
7r(^o)- We want to show now that Bq^ = Aq{5Y . Using a simple extension argument, we can 
first check that for all x G Ao{5) for which 7r(x) G Bq^ we have 

5^(7r(x)) = 7r((5(x)) = i[H, tt{x)]. (22) 

Also, it is evident that if 7r(x) G Bq^ , then [H^ G Bq^ . With this in mind we can now prove 
the following 

Lemma 4.2 x G Aq{5) if and only if tt{x) G Bq" . For any such element we have 

5l{Ti{x)) = i^[H, 7T{x)]k, Vfc G No. (23) 

Proof - Let us first take x G Ao{d). Then (a) a; G ^o =^ 7r(x) G -it{Ao) and (b) 6{x) G 
Ao 6Tr{-K{x)) = ■k{6{x)) G 7r(^o)- Since vr is bounded, this implies that (5,r(7r(a^)) = i[H,TT{x)] 
and, as a consequence, that [H,7r{x)] G ^{Ao)- The same argument, applied to 6{x) which, as 
we know, is still in ^o('^)) produces 57r(vr(5(x))) = i[H,TT{6{x))] which, after few computations, 
produces (^^(7r(a;)) = i'^[H,TT{x)]2 which still belongs to 7r(^o) since (^^(7r(a;)) = ■k{6'^{x)) G vr(^o)- 
Iterating this procedure we find that 5'^{tt{x)) = i'^[H,TT{x)]k and [H,'iT{x)]k G tt{Ao) for all 
k G No. Therefore tt{x) G Bq"" . 

In a similar way we can also prove that if Tr{x) G Bq^ then x G ^o('^) and 6'^{7r{x)) = 
i''[H,7r{x)]kioT alike No. □ 

Remark:— It may be worth recalling that Lemma 4.2 also implies that ^o(^)'^ = Sq^ . 

It is now straightforward to use this Lemma and Theorem l3.8l to find conditions under which 
the sequence a^(x) = X^^Lo ^^'^i^) cr^-convergent and defines the time evolution of x, a^{x), 
for X G ^o('^)- Each one of the following conditions can be used to deduce the existence of a*(x): 
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Condition 1:— V?] G there exists > such that 

In this case a*(x) exists for all values of t. 

Condition 2: 3c> : Vr/i G I'tt there exist , re G N and 7?2 G T^n such that 

p^i([iJ,7r(x)]fe) < Ar,,c''k\k''qr,,{x), Vx G A(<5), Vfc G N. 

In this case a*(x) exists for all values of t < K 

As we have already shown before, a* can be extended to Ao{6)'^" and is a semigroup. 

We adapt now Proposition 4.3 of ^ to the present setting. For that, we again consider a 
family of *-derivations of a-^d a single representation vr with the properties required in (ii) 
of Theorem 14.11 we remind that this is the most common situation in physical applications. 

Proposition 4.3 Let {Sl,L G A} 6e a c-representable family such that the corresponding c- 
representation vr is bounded . Also, suppose that the following conditions hold: 

(1) 5n{x) is II \\-Cauchy for all x G 

(2) for a// re G N the induced ^-derivation (JI"'* is s-spatial, i.e. a symmetric operator Hn on 
TCtj exists such that 

f D{H^) = 7r(A)eo ,24) 
\ 6^:'\7rix))^f =i[Hn,TTix)]^, VxG A,V^GD(i7„). 

(3) sup„ ||i?nCo|| = L <oo. 
Then we have that 

(a) 6{x) = II II — lim„(5„(x) exists in A and is a *-derivation of Aq; 

(h) 5^, the *-derivation induced by vr, is well defined and s-spatial: there exists a symmetric 
operator H on Ti-,^ such that 

{ D{H) = n{Ao)^o ,25) 
\ ^^(^(x))* = i[i^,7r(x)]^, Vx G Ao,y^ G D{H); 

(c) if < HnCo,T^{y)Co >^< HCo,T^{y)Co > for all y G Aq, then < HnTT{x)Co,T^{y)Co >^< 
HTT{x)Co,7T{y)^o > for all x,y £ Aq; 

(d) if \\{Hn - H)£,o\\ for all y G Aq, then \\{Hn - H)n{x)Co\\ for all x G Aq. 



15 



Proof — The first three statements can be proven in quite the same way as in [8] . 

The proof of the statement (d) is a consequence of the definition of the implementing operator 
of a s-spatial derivation as it can be deduced by Proposition 3.2.8 of [H]. We have 

-ffn7r(x)^o = i'5l"^(vr(3;))^o + Tr{x)Hn£,o and 
Therefore 

\\{Hn - i?)vr(x)eo|| < ||(4"^(vr(x)) - <5„(^(x)))eo|| + \\{Hn - ^Koll ^ 
because of the assumptions on Hn and vr. 

□ 

Concluding remarks 

As we have discussed in the Introduction, in this paper we have chosen to regularize only the 
algebra related to a physical system, leaving unchanged the set of states. However, in some 
approaches discussed in the literature, see [1] for instance, a cutoff is introduced for both the 
states and the algebra. If we consider for a moment this point of view here, we wonder what 
can be said if we have a family of positive sesquilinear forms (pn on ^ Aq instead of a single 
one on ^ X ^. The simplest situation, which is the only one we will consider here, is when the 
family {(pn, n G N} satisfies the following requirements: 

• ipn{xy, z) = ipniy, x*z) Vx, y, z G A, Vn G N; 

• < ||x||||y|| Vx,yGA, VnGN; 

• the sequence {<y9.„(x, y)}„gN is Cauchy Vx,y G ^o- 

The second condition allows us to extend each to the whole A. This extension, 
satisfies the same conditions as above. Furthermore, since {(^n(a,6)}„ is a Cauchy sequence 
Va, 6 G we can also define a new positive sesquilinear form $ on ^ x A: 

<I>(a, = lim(^.„(a, 6), Va, & G ^. 

n 

It is clear that also <I> is *-invariant and || || -continuous. If we also have that 

• |(^„(5(x),Il)| < Cy^ifnix, x) + ipn{x*, X*) Vx G Vn G N and for some positive C; 

• Va G .4 3 > : {(fni^x , ax)\ < 7^(/?„(x,x) Vx G V?i G N, 
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then we easily extend these properties to ^ so that we get a positive sesquihnear form on 
^ X ^ satisfying all the requirements of point (i), Theorem 14.11 Therefore we have two different 
possibilities, at least if we are dealing with a single derivation 6: 

First possibility: we use each ipn to construct, using Theorem 14. 11 a *-representation 7r„ and 
an induced derivation 5^^(7r„(x)) = ■Kn{S{x)), x E which turns out to be s-spatial. Therefore 
we find a sequence of symmetric operators Hn acting in possibly different Hilbert spaces Tin- 
Second possibility: we use $ to construct, using again Theorem 14. 11 a single *-representation 
vr and an induced derivation (57r(vr(x)) = 'k{6{x)), x € Aq, which is s-spatial. Therefore we get a 
symmetric operator H acting on the Hilbert space of the representation 7i. 

Both of these possibilities have a certain interest. We will analyze in a forthcoming paper 
the details of these constructions and the relations between H and Hn- 
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